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Abstract
A. S. Lipson constructed two state models yielding the same classi-
cal link invariant obtained from the Kauffman polynomial F (a, z). In
this paper, we apply Lipson’s state models to marked graph diagrams
of surface-links, and observe when they induce surface-link invariants.
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1 Introduction
A marked graph diagram is a link diagram possibly with some 4-valent ver-
tices equipped with markers. S. J. Lomonaco, Jr. [14] and K. Yoshikawa [17]
introduced a method of describing surface-links by marked graph diagrams.
1
Yoshikawa [17] studied surface-links via such diagrams and made a table
of surface-links with “ch-index” ten or less. M. Soma [15] studied surface-
links described by marked graph diagrams of square-type, and constructed
some interesting series of surface-links. Local moves on marked graph dia-
grams introduced in Yoshikawa’s paper [17] are so-called Yoshikawa moves.
It is known that two marked graph diagrams present equivalent surface-
links if and only if they are related by a finite sequence of Yoshikawa moves
[8, 16]. So one can use marked graph diagrams in order to define surface-
link invariants. The third author gave a framework to construct invariants
of surface-links from classical link invariants via marked graph diagrams in
[10, 12]. Especially he considered invariants derived from a skein relation in
[11]. The first author, the third author and J. Kim [3] defined ideal coset
invariants for surface-links.
In this paper, we review Lipson’s state-sum invariants RD and SD of
classical links from [13]. In classical case, he defined a [·]-state of D to be a
labelling of each connected component of D̂ := D \{crossings} with either 1
or 2. A [·]-state is legal if at each crossing of the diagram, each label occurs
an even number of times. For each legal state σ, he assigned the value ν(c, σ)
to each crossing c as shown in Fig. 8, and defined [D] by
[D] = [D](x, y, z, w) =
∑
legal states
∏
crossings
ν(c, σ).
He found two conditions on x, y, z, w for the state-sum [D] to be invariant
under Reidemeister moves Ω2 and Ω3 (see Fig. 5). After normalizing [D],
he had the state-sum invariants RD and SD. We generalize his state models
to marked graph diagrams and investigate conditions so that the state-sum
can be used for invariants of surface-links. Then we obtain two invariants
R′D and S
′
D of surface-links.
We also consider another state-sumQD that is invariant under all Yoshikawa
moves except the moves Ω4 and Ω
′
4 (see Fig. 5). It gives an obstruction for
Yoshikawa moves Ω4 and Ω
′
4.
This paper is organized as follows. In Section 2, we prepare some prelim-
inaries about marked graph diagrams of surface-links and Yoshikawa moves.
In Section 3, we review Lipson’s state-sum invariants RD and SD of classi-
cal links. In Section 4, we first define the state-sum [D] of a marked graph
diagram D and then generalize Lipson’s state-sum invariants to invariants
for surface-links in R4, denoted by R′D and S
′
D. In Section 5, we study these
invariants. In Section 6, we show that the state-sum QD is an obstruction
for Yoshikawa moves Ω4 and Ω
′
4.
2
2 Marked graph diagrams
In this section, we review the method of describing surface-links by marked
graph diagrams. By a surface-link L we mean mutually disjoint connected
and closed (possibly orientable or nonorientable) surfaces smoothly (or piece-
wise linearly and locally flatly) embedded in the 4-space R4. When it is
connected, we also call it a surface-knot. Two surface-links are said to be
equivalent if they are ambient isotopic in R4.
A marked graph is a spatial graph G in R3 which satisfies the following:
(1) G is a finite regular graph with 4-valent vertices, say v1, v2, ..., vn.
(2) Each vi is rigid; that is, we fix a rectangular neighborhood Ni ≈
{(x, y)| − 1 ≤ x, y ≤ 1}, where vi is the origin and the edges incident
to vi are presented by x
2 = y2.
(3) Each vi has a marker, which is the interval on Ni given by {(x, 0)|−1 ≤
x ≤ 1}.
Two marked graphs are said to be equivalent if they are ambient isotopic
in R3 with keeping the rectangular neighborhood and the marker at each
vertex.
An orientation of a marked graph G is a choice of an orientation for
each edge of G in such a way that every rigid vertex in G looks like
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p
, up to rotation. A marked graph G is said to be orientable if G admits
an orientation. Otherwise, it is said to be non-orientable. Note that there
is a non-orientable marked graph (see Fig. 1). By an oriented marked graph
we mean an orientable marked graph with a fixed orientation.
Figure 1: A non-orientable marked graph
For t ∈ R, we denote by R3t the hyperplane of R4 whose fourth coordinate
is t ∈ R, i.e., R3t := {(x1, x2, x3, x4) ∈ R4 | x4 = t}. A surface-link L in
3
R
4 = R3×R can be described in terms of its cross-sections L∩R3t for t ∈ R
(cf. [2]). It is known [4, 7, 8, 14] that any surface-link L can be deformed into
a surface-link L′, called a hyperbolic splitting of L, by an ambient isotopy of
R
4 in such a way that the projection p : L′ → R to the fourth coordinate
satisfies the following:
(1) All critical points are non-degenerate.
(2) All the index 0 critical points (minimal points) are in R3−1.
(3) All the index 1 critical points (saddle points) are in R30.
(4) All the index 2 critical points (maximal points) are in R31.
Let L be a surface-link in R4 and let L′ be a hyperbolic splitting of L.
Then the cross-section L′ ∩R30 at t = 0 is a 4-valent graph in R30. We give a
marker at each 4-valent vertex (saddle point) that indicates how the saddle
point opens up above as shown in Fig. 2. The resulting marked graph is
called a marked graph presenting L. It is usually described by a diagram on
R
2 called a marked graph diagram or a ch-diagram (cf. [15]).
t =
t = −
t = 0
Figure 2: Marking of a vertex
A banded link BL in R3 is a pair (L,B) consisting of a link L in R3 and
a set B = {B1, . . . , Bn} of mutually disjoint n bands Bi spanning L.
Let BL = (L,B) be a banded link. By an ambient isotopy of R3, we
shorten the bands so that each band is contained in a small 2-disk. Replacing
the neighborhood of each band to the neighborhood of a marked vertex as
in Fig. 3, we obtain a marked graph, called a marked graph associated with
BL. Conversely when a marked graph G in R3 is given, by replacing each
marked vertex with a band as in Fig. 3, we obtain a banded link BL(G),
called a banded link associated with G.
Let G be a marked graph and BL(G) a banded link associated with G.
We denote by L−(G) the link L, and by L+(G) the link obtained from L
4
α α’
L L
B
Figure 3: A band and a marked vertex
by surgery along the bands B. Moreover, when G is described by a marked
graph diagram D, then BL(G) is also called a banded link associated with D,
and denoted by BL(D). L−(G) (or L+(G), resp.) is denoted by L−(D) (or
L+(D), resp.). We call L−(D) the negative resolution and L+(D) the positive
resolution of D. A diagram of L−(D) (or L+(D), resp.) is obtained from
D by smoothing the marked vertices, which we call the negative resolution
diagram (or positive resolution diagram, resp.) of D.
Fig. 4 shows an example of a marked graph diagram D and its associated
banded link, and the negative and positive resolutions.
A marked graph diagram D is said to be admissible if both resolutions
L−(D) and L+(D) are trivial links.
D L  (D)BL(D) +L  (D)-
Figure 4: A marked graph diagram, its associated banded link, and resolu-
tions
We recall how to construct a surface-link from a given admissible marked
graph diagram (cf. [5, 6, 7, 17]).
Let D be a marked graph diagram. Let BL(D) = (L,B) be its associated
banded link. Let B consist of bands B1, . . . , Bn. We define a surface F (D) ⊂
R3 × [−1, 1] by
(R3t , F (D) ∩ R3t ) =


(R3, L+(D)) for 0 < t ≤ 1,(
R
3, L−(D) ∪
(⋃n
i=1Bi
))
for t = 0,
(R3, L−(D)) for −1 ≤ t < 0.
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We call F (D) the proper surface associated with D.
It is known that D is orientable if and only if F (D) is an orientable
surface. When D is oriented, the resolutions L−(D) and L+(D) have orien-
tations induced from the orientation of D, and we assume F (D) is oriented
so that the induced orientation on L+(D) = ∂F (D) ∩ R31 matches the ori-
entation of L+(D).
When D is admissible, we can obtain a surface-link from F (D) by at-
taching trivial disks in R3 × [1,∞) and trivial disks in R3 × (−∞, 1]. We
denote this surface-link by S(D), and call it the surface-link associated with
D.
We say that a surface-link L is presented by a marked graph diagram D
if L is equivalent to S(D). Any surface-link can be presented by a marked
graph diagram.
Yoshikawa moves for marked graph diagrams are local moves Ω1, . . . ,Ω5
(Type I) and Ω6, . . . ,Ω8 (Type II) illustrated in Fig. 5 and Fig. 6. It is known
that two admissible marked graph diagrams present equivalent surface-links
if and only if they are related by a finite sequence of Yoshikawa moves
[8, 9, 16].
⑧⑧⑧⑧
❄
❄
//
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//
ooΩ2 :
☎
✿✿✿
✿✿✿✿✿ ☎☎
☎☎
☎
✆✆
✿
//
oo
☎
✆✆
☎☎
☎☎
☎
✽✽
✿✿
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✿
✿
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☎
☎☎☎☎☎☎☎ ✿
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✿
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☎☎
☎☎
☎☎
☎✿✿✿✿✿✿✿
✿
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☎☎☎☎☎☎☎☎☎ ✿
✿✿
✿✿
✿✿
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//
oo
☎☎
☎☎
☎☎
☎☎
☎✿✿✿✿✿✿✿✿✿
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❄
❄
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❄❄
❄
//
oo
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❄❄
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❄
❄Ω5 :
Figure 5: Moves of Type I
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Ω8 :
Figure 6: Moves of Type II
3 Lipson’s state model for classical links
We first explain Lipson’s state models for classical link invariants from [13].
Some notations in this section are different from [13]. LetK be an unoriented
link and D a diagram of K. Let D̂ be the diagram obtained from D by
removing all crossings of D as illustrated in Fig. 7.
D D＾
Figure 7: A diagram removed crossings
A state or a labelling is a map σ : {connected components of D̂} → {0, 1}.
A state (or a labelling) is legal if at each crossing, each label occurs an
even number of times. See Fig. 8, where a and b are to be interpreted
as distinct labels. For a legal state σ and a crossing c of D, we define
ν(c) = ν(c, σ) ∈ {x, y, z, w} as shown in Fig. 8.
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a a
aa
v(c,σ) = x
b a
ba
v(c,σ) = y
b b
aa
v(c,σ) = z
a b
ba
v(c,σ) = w
Figure 8: Legal states
Define [D] by
[D] = [D](x, y, z, w) =
∑
legal states σ
∏
crossings c
ν(c, σ) ∈ Z[x, y, z, w],
where σ runs over all legal states of D and c runs over all crossings of D.
Lipson [13] observed that to obtain invariance of [D] under Reidemeister
move Ω2 we are led to the relations:
x2 + zw = 1, x(z + w) = 0, y2 + zw = 1, y(z + w) = 0,
and these relations are also sufficient to obtain invariance under Reidemeister
move Ω3. As a consequence, we have the following.
Proposition 3.1 (Lipson [13]). There are two cases in each of which the
value [D] is invariant under Reidemeister moves Ω2 and Ω3:
(R1) x = y = 0 and w = z−1,
(R2) z = −w and x2 = y2 = 1 + z2.
For invariance under Reidemeister move Ω1, we need to normalize [D].
First we consider a case where K is oriented. We denote by w(D) the
writhe of D, that is the number of positive crossings of D minus that of
negative ones.
Theorem 3.2 (Lipson [13]). When we define RoriD (z) and S
ori
D (z) by below,
they are invariants of oriented links. Moreover, RoriD is equal to S
ori
D .
(L1) RoriD (z) = z
w(D)[D](0, 0, z, z−1) ∈ Z[z, z−1],
(L2) SoriD (z) = z
w(D)[D](z+z
−1
2 ,
z+z−1
2 ,
z−z−1
2 ,− z−z
−1
2 ) ∈ 12Z[z, z−1].
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Remark 3.3. Our RoriD (z) and S
ori
D (z) are denoted by RD(z) and SD(z) in
[13]. Let FD(a, z) be the Kauffman polynomial and let N be the number
of the components of the link presented by D. Lipson [13] proved that
RoriD (z) = (−1)N−1F (iz−1, iz − iz−1). Thus RoriD and SoriD are two distinct
state models for the same link invariant derived from FD(a, z).
Next we consider a case where K is unoriented. We denote by sw(D)
the self-writhe of D. (Let K = K1 ∪ · · · ∪KN , where Ki (i = 1, . . . , N) is
the component of K, and let D = D1 ∪ · · · ∪DN , where Di (i = 1, . . . , N)
is the sub-diagram corresponding to Ki. Note that the writhe w(Di) is well
defined for any orientation of Ki. The self-writhe is the sum of w(Di) for
all i.)
Theorem 3.4. When we define RunoriD (z) and S
unori
D (z) by below, they are
invariants of unoriented links. Moreover, RunoriD is equal to S
unori
D .
(L1) RunoriD (z) = z
sw(D)[D](0, 0, z, z−1),
(L2) SunoriD (z) = z
sw(D)[D](z+z
−1
2 ,
z+z−1
2 ,
z−z−1
2 ,− z−z
−1
2 ).
Proof. Considering the difference of [D](0, 0, z, z−1) by a Reidemeister move
Ω1, we see that z
sw(D) works as normalization. Thus RunoriD (z) is an invariant
of unoriented links. Give an orientation to K, then w(D) = sw(D)+2lk(D),
where lk(D) is the total linking number
∑
i<j lk(Di,Dj). Then R
ori
D (z) =
z2lk(D)RunoriD (z) and S
ori
D (z) = z
2lk(D)SunoriD (z). Thus R
unori
D (z) = S
unori
D (z).

4 Lipson’s state model for marked graph diagrams
In this section, we generalize Lipson’s state models of classical link diagrams
to marked graph diagrams, and observe when we obtain state-sum invari-
ants of surface-links. Throughout this section, marked graph diagrams are
unoriented.
Let D be a marked graph diagram. Let D̂ be the diagram obtained
from D by removing all crossings of D as illustrated in Fig. 7. (We do not
remove marked vertices of D.) A state or a labelling is a map σ : {connected
components of D̂} → {0, 1}. A state (or a labelling) is legal if at each
crossing, each label occurs an even number of times. For a legal state σ
and a classical crossing c, we define ν(c) = ν(c, σ) ∈ {x, y, z, w} as shown in
Fig. 8.
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Define [D] by
[D] = [D](x, y, z, w) =
∑
legal states σ
∏
crossings c
ν(c, σ) ∈ Z[x, y, z, w].
Now one observes invariance of [D] under Yoshikawa moves.
Lemma 4.1. The state-sum [D] is invariant under Yoshikawa moves Ω5,
Ω6, Ω
′
6 and Ω7.
Proof. Let D and D′ be related by a Yoshikawa move Ω5 and let B be a
2-disk in R2 where the Yoshikawa move is applied. There are two possible
cases of legal labellings for D ∩ B as shown in Fig. 9. It is easily verified
that Yoshikawa move Ω5 has no effect upon [D] (see Fig. 9).
a
a
a
a
a aa
a a
x
ww
x
a
a a
a
a
b
b
a
a
b ab
b ab
a b
a
a
D∩BD∩B＾ D∩B D ∩B＾´ ´Ω5
Figure 9: Yoshikawa move Ω5
Let B be a 2-disk where a Yoshikawa move Ω6,Ω
′
6 or Ω7 is applied on D,
and let D′ be the result. Since there are no crossings in D ∩B and D′ ∩B,
and since D ∩B and D′ ∩B are connected, it is obvious that [D] = [D′]. 
Lemma 4.2. The following p1, . . . , p4 are relations for the polynomial [D]
to be invariant under Yoshikawa moves Ω4 and Ω
′
4:
p1 : xz = 0, p2 : xw = 0, p3 : yz = 0, p4 : yw = 0.
Proof. We need to check that the polynomial [D] is equal to the polyno-
mial [D′], where D′ is the diagram obtained from D by applying a single
Yoshikawa move Ω4 in a 2-disk B as shown in Fig. 10:
There are four possible cases of labellings that are legal for both D ∩B
and D′∩B as shown in Fig. 11. For these cases, it is obvious that [D] = [D′].
In Fig. 12, we show possible cases of legal labellings for D ∩B (or D′ ∩B)
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s3
s4
s1 s5
s2 s6
t4
t3
t1 t5
t2 t6
Ω4
D∩BD∩B＾ D∩B D ∩B＾´ ´
Figure 10: Yoshikawa move Ω4
that have no counterparts for D′ ∩ B (or D ∩ B, resp.). In these cases,
we obtain the relations p1, . . . , p4 for [D] = [D
′]. Thus we obtain the four
relations p1, . . . , p4 for the polynomial [D] to be invariant under Yoshikawa
move Ω4. Similarly, we obtain the same four relations p1, . . . , p4 for the
polynomial [D] to be invariant under Yoshikawa move Ω′4.
a a
a a
a a
a a
a a
a
a
a a
a a
a a
a
a
a a
a a
x 2 x 2
b b
a a
a a
b b
a ab
b
a a
a a
a a
a
a
b b
a a
zw zw
zw zw
a a
b
b
b
a a
a a
b bb
a
a a
b b
a a
b
b
a a
a a
y 2 y 2
b b
b
a a
b b
b ba
b
a a
b b
a a
b
a
b b
a a
Ω4D∩BD∩B＾ D∩B D ∩B＾´ ´
Figure 11: Yoshikawa move Ω4 (1)

Lemma 4.3. The following q1, . . . , q7 are relations for the polynomial [D]
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D∩BD∩B＾ D∩B
(impossible states)
´
a a
a b
a b
a a
a b
a
a
a b
a b
a b
xw = 0
b b
a b
a b
b b
a bb
b
a b
a b
a b
xz = 0
yw = 0
yz = 0
a a
b a
a b
a a
b a
b
a
a b
b a
a b
b b
b a
a b
b b
b a
a
b
a b
b a
a b
a b
a a
a b
a b
a a
a b
a
a
a b
a b
b a
a a
a b
b a
a a
a b
a
b
b a
a b
yz = 0
xz = 0
xw = 0
yw = 0
a b
b b
a b
a b
b b
a b
b
b
a b
a b
b a
bb
a b
b a
b b
a b
b
a
b a
a b
D∩B D∩B D ∩B＾´ ´
(impossible states)
Ω4 Ω4
Figure 12: Yoshikawa move Ω4 (2)
to be invariant under Yoshikawa move Ω8:
q1 : (x
2 + y2)z2 = (x2 + y2)w2,
q2 : (x
2 + w2)yz = (x2 + z2)yw,
q3 : (x
2 + w2)xz = (x2 + z2)xw,
q4 : (y
2 + z2)xz = (y2 + w2)xw,
q5 : (x
2 + w2)yw = (x2 + z2)yz,
q6 : (y
2 + z2)xw = (y2 + w2)xz,
q7 : (y
2 + z2)yw = (y2 + w2)yz.
Proof. Possible legal labellings are as shown in Fig. 13 and 14.
From these figures, to obtain invariance of the polynomial [D] under
Yoshikawa move Ω8 we are led to the seven relations q1, . . . , q7. 
Let D be a marked graph diagram, and let D+ = L+(D) be the pos-
itive resolution diagram of D, i.e., the link diagram obtained from D by
smoothing at each marked vertex along the marker (see Fig. 4). We denote
by t+(D) the self-writhe sw(D+) of D+.
12
=+
a a a a
a a a a
a a a a
a a a a
a a a a
a a a a
a
a a
aa
b b
bb
a a a
a a a a
x  + z  w4 2 2 x  + z  w4 2 2
=+
a a a a
a a b b
a a a a
a a b b
a a a a
a a b b
a
a a
ba
b b
ab
a a a
a a b b
x z w + y z w2 2
x z w  + y z w
2 2 x z w  + y z w
2 2
x z w  + y z w2
2
=+
a a a a
b b a a
a a a a
b b a a
a a a a
b b a a
a
a a
ab
b b
ba
a a a
b b a a
=+
a a a a
b b b b
a a a a
b b b b
a a a a
b b b b
a
a a
bb
b b
aa
a a a
b b b b
D∩B D∩B´
≠
=
=
=
Ω8
x  z  + y  z  2 2 2 2 x  w  + y  w  2 2 2 2
Figure 13: Yoshikawa move Ω8 (1)
Theorem 4.4. For a marked graph diagram D, define R′D(z) by
R′D(z) = z
t+(D)[D](0, 0, z, z−1) ∈ Z[z, z−1].
Then R′D(z) is invariant under all Yoshikawa moves.
For a surface-link L, take a marked graph diagram presenting L, say D.
Then R′D(z) is an invariant of L.
We note that if D is a marked graph diagram without marked vertices,
i.e., D is a link diagram, then D+ = D and R
′
D(z) = R
unori
D (z). Thus R
′
D is a
generalization to a surface-link invariant of Lipson’s link invariant RunoriD (z).
Proof. By the same argument with the proof of Theorem 3.2, we see that
the polynomial R′D(z) is invariant under Yoshikawa moves Ω1,Ω2 and Ω3.
By Lemma 4.1, the polynomial [D](x, y, z, w) is invariant under Yoshikawa
13
a a b b
a a a a
a a b b
a a a a
z  w + y 42 2 z  w + y 42 2
a a b b a a b b
a a b b a a b b
a a b b a a b b
a a b b a a b b
x   z w  + y  z w2 2 x  z w  + y  z w2 2
x  z w  + y  z w2 2 x  z w + y  z w2 2
b b a a b b a a
b b b b b b b b
x  w  + y  w  2 2 2 2 x  z  + y  z  2 2 2 2≠
=
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Figure 14: Yoshikawa move Ω8 (2)
moves Ω5, Ω6, Ω
′
6 and Ω7. Since x = y = 0, the relations p1, . . . , p4 and
q1, . . . , q7 hold, and hence [D](x, y, z, w) is invariant under Yoshikawa moves
Ω4,Ω
′
4 and Ω8. Since t+(D) is preserved under these Yoshikawa moves, we
see the result. 
Theorem 4.5. Let D be a marked graph diagram. Define
S′D = [D](1, 1, 0, 0).
Then S′D is invariant under all Yoshikawa moves.
For a surface-link L, take a marked graph diagram presenting L, say D.
Then S′D is an invariant of L.
We note that if D is a marked graph diagram without marked vertices,
i.e., D is a link diagram, then S′D = S
unori
D (1). Thus S
′
D is a generalization
to a surface-link invariant of Lipson’s link invariant SunoriD (z) evaluated with
z = 1.
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Proof. By Theorem 3.4, we see that S′D = S
unori
D (1) is invariant under
Yoshikawa moves Ω1,Ω2 and Ω3. By Lemma 4.1, the polynomial [D](x, y, z, w)
is invariant under Yoshikawa moves Ω5, Ω6, Ω
′
6 and Ω7. Since z = 0, w = 0,
the relations p1, . . . , p4 and q1, . . . , q7 hold, and hence [D](x, y, z, w) is in-
variant under Yoshikawa moves Ω4,Ω
′
4 and Ω8. Since t+(D) is preserved
under these Yoshikawa moves, we see the result. 
5 On invariants R′D and S
′
D
We first prove the following.
Theorem 5.1. Let L be a surface-link, and D a marked graph diagram
presenting L.
(1) If L is orientable, then R′D(z) = 2N , where N is the number of con-
nected components of L.
(2) If L is non-orientable, then R′D(z) = 0.
This theorem shows that the invariant R′D(z) can detect orientability of
a surface-link.
Let D be a marked graph diagram. By |D| we denote the 4-valent graph
in R2 obtained from D by removing markers and by assuming crossings to
be vertices of valency 4. Let v be a point of |D|.
By a companion loop ℓ on the diagram D with base point v, we mean
a path ℓ : [0, 1] → |D| with ℓ(0) = ℓ(1) = v such that (i) when ℓ meets a
crossing of D, it must go straight and that (ii) when ℓ meets a marked vertex
of D, it must turn right or left (Fig. 15), and (iii) ℓ does not go through
any edge of |D| twice. (When the base point v is a marked vertex of D,
we do not assume the condition (ii) there. A companion loop may passes a
crossing or a marked vertex twice.)
l
l
l
l
Figure 15: Rules of a companion loop
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When D is an oriented marked graph diagram, any companion loop ℓ
satisfies either that (i) for any arc on D on which ℓ runs, the orientation of
the arc of D is in the same direction of ℓ or that (ii) for any arc on D on
which ℓ runs, the orientation of the arc of D is in the opposite direction of ℓ.
In the former case, we call ℓ to be compatible with respect to the orientation
of D.
Lemma 5.2. Let D be an oriented marked graph diagram. Let ℓ be a
companion loop on D. The number of classical crossings where ℓ passes is
even. (When ℓ passes a crossing twice, we count it twice.)
Proof. The orientation of D induces orientations of the edges of the 4-valent
graph |D|. Let E be the oriented graph in R2 obtained from |D| by removing
the edges where ℓ passes. Then E is regarded as a 1-cycle of R2 in the sense
of singular homology theory. Modifying ℓ slightly, say ℓ′, we assume that E
and ℓ′ intersect transversely and each intersection corresponds to a classical
crossing of D where ℓ passes exactly once. Since the algebraic intersection
number of ℓ′ and E must be zero, we see that the number of crossings of
D where ℓ passes exactly once is even. Thus the number of crossings of D
where ℓ passes is even. 
Definition 5.3. A state of D is good if at each classical crossing, the labels
occur as
❄❄
❄
❄❄❄⑧⑧
⑧⑧
⑧⑧
⑧a a
a a
or
❄❄
❄
❄❄❄⑧⑧
⑧⑧
⑧⑧
⑧a b
b a
. A state is bad if at each classical crossing, the
labels occur as
❄❄
❄
❄❄❄⑧⑧
⑧⑧
⑧⑧
⑧a a
b b
or
❄❄
❄
❄❄❄⑧⑧
⑧⑧
⑧⑧
⑧a b
a b
.
Lemma 5.4. Let D = D1∪· · ·∪DN be an oriented marked graph diagram,
and let F (D) = F1∪· · ·∪FN be the proper surface in R3× [−1, 1] associated
with D, where Fi (i = 1, . . . , N) is a connected component of F andDi is the
corresponding diagram. For each i ∈ {1, . . . , N}, take a connected compo-
nent of D̂, say si, such that si ⊂ Di. Then, for any (x1, . . . , xN ) ∈ {0, 1}N ,
there exists a unique bad state σ of D with σ(si) = xi (i = 1, . . . , N).
Proof. We define a state σ of D as follows. For each i, consider a companion
loop ℓi on D whose base point is in si. By Lemma 5.2, we can give labels
a and b alternatively to the connected components of D̂ along ℓi such that
σ(si) = xi. For any marked vertex on ℓi, consider another companion loop
whose base point is the marked vertex and give labels a and b alternatively
to the connected components of D̂ along the loop. Continue this procedure
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until all connected components of D̂ contained in Di are given labels a and
b. Then we see that the state σ is a unique bad state with σ(si) = xi
(i = 1, . . . , N). 
Let D be a link diagram or a marked graph diagram. For a legal state
σ of D, we define Wσ by
Wσ =Wσ(x, y, z, w) =
∏
crossings c
ν(c, σ) ∈ Z[x, y, z, w].
Then by definition, we have
[D] = [D](x, y, z, w) =
∑
legal states σ
Wσ ∈ Z[x, y, z, w].
Lemma 5.5. Let D be a link diagram with sw(D) = 0. Suppose that D
presents a trivial link. If σ is a bad state of D, then Wσ(0, 0, z, z
−1) = 1.
Proof. Since sw(D) = 0, we have RunoriD (z) = [D](0, 0, z, z
−1). Note that for
a legal state σ′ that is not a bad state, Wσ′(0, 0, z, z−1) = 0. Thus
[D](0, 0, z, z−1) =
∑
bad states σ
Wσ(0, 0, z, z
−1) ∈ Z[z, z−1].
On the other hand, for a trivial link diagram D0 presenting the same link
with D, we have
[D0](0, 0, z, z
−1) = 2N ,
whereN is the number of components ofD0. Thus we haveWσ(0, 0, z, z
−1) =
1 for each bad state σ of D. 
Proof of (1) of Theorem 5.1. Let D = D1 ∪ · · · ∪DN be an oriented marked
graph diagram and F (D) = F1 ∪ · · · ∪ FN the proper oriented surface in
R
3 × [−1, 1] associated with D, where Fi (i = 1, . . . , N) is a connected
component of F and Di is the corresponding diagram. Attaching minimal
disks and maximal disks to F (D) in R4, we obtain L = L1 ∪ · · · ∪ LN . In
this situation, we prove that R′D(z) = 2
N .
Since R′D(z) is invariant under Yoshikawa moves, applying Ω1 (and its
mirror image operation, that is a consequence of Ω1 and Ω2), we may assume
that t+(D) = sw(D+) = 0, where D+ is the positive resolution diagram of
D. Then
R′D(z) = [D](0, 0, z, z
−1) =
∑
legal states σ
Wσ(0, 0, z, z
−1).
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Since Wσ(0, 0, z, z
−1) = 0 for any legal state σ that is not a bad state, we
have
R′D(z) =
∑
bad states σ
Wσ(0, 0, z, z
−1),
where σ runs over all bad states of D. By Lemma 5.4, there exists 2N bad
states.
For each bad state σ of D, let σ+ be the corresponding bad state of
D+. Then Wσ(0, 0, z, z
−1) = Wσ+(0, 0, z, z
−1) = 1 by Lemma 5.5. Thus
R′D(z) = 2
N . This completes the proof of (1) of Theorem 5.1.
Lemma 5.6. Let D be a non-orientable marked graph diagram. There
exists a companion loop ℓ on D such that the number of classical crossings
where ℓ passes is odd.
Proof. It is known that, since D is non-orientable, there exists a marked
vertex v, and a companion loop ℓ of D with base point v such that the loop
ℓ appear in a diagonal position at v (cf. [1]). Regard the 4-valent graph |D|
as a 1-cycle of R2 with the coefficient group Z/2Z in the sense of singular
homology theory. Let E be the graph in R2 obtained from |D| by removing
all edges where ℓ passes. The graph E is also regarded as a 1-cycle of R2
with the coefficient group Z/2Z. Modifying ℓ slightly, say ℓ′, we assume
that E and ℓ′ intersect transversely and each intersection corresponds to a
classical crossing of D where ℓ passes exactly once or the vertex v. Since
the algebraic (Z/2Z-) intersection number of E and ℓ′ is zero, we see that
the number of classical crossings of D where ℓ passes exactly once is odd.
Thus the number of classical crossings of D where ℓ passes is odd. 
Lemma 5.7. Let D be a non-orientable marked graph diagram. There exist
no bad states of D.
Proof. By Lemma 5.6, there exists a companion loop ℓ of D such that the
number of classical crossings of D where ℓ passes is odd. If there exists a
bad state, the labels 0 and 1 appear alternatively along ℓ. Since the number
of crossings where ℓ passes is odd, we have 0 = 1, a contradiction. 
Proof of (2) of Theorem 5.1. Recall that
[D](0, 0, z, z−1) =
∑
legal states σ
Wσ(0, 0, z, z
−1) =
∑
bad states σ
Wσ(0, 0, z, z
−1).
SinceD is non-orientable, by Lemma 5.7, [D](0, 0, z, z−1) = 0. ThusR′D(z) =
0. This completes the proof of (2) of Theorem 5.1.
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Theorem 5.8. Let D be a marked graph diagram. Then
S′D = 2
N ,
whereN is the number of connected components of the proper surface F (D).
In particular, when D is a marked graph diagram presenting a surface-link
with N components, we have S′D = 2
N .
Proof. Let F (D) = F1 ∪ · · · ∪ FN be the proper surface associated with D,
where Fi (i = 1, . . . , N) is a connected component. Let Di be the sub-
diagram of D corresponding to Fi. Since z = 0, w = 0, we may consider
only good states. Since the labels 0 and 1 do not change when we pass any
classical crossing, each component Di (i = 1, . . . , N) has the same label. So
there exist 2N good states. For each good state σ, Wσ(1, 1, 0, 0) = 1 and
hence we see that S′D = 2
N . 
Lipson’sRunoriD (z) and S
unori
D (z) are different state models for the same in-
variant of classical links. Our invariant R′D(z) is a generalization of R
unori
D (z)
to marked graph diagrams, and S′D is a generalization of S
unori
D (z), evalu-
ated with z = 1, to marked graph diagrams. As surface-link invariants,
R′D(z) and S
′
D are different state models for the same invariants of ori-
entable surface-links. On the other hand, they are different invariants for
non-orientable surface-links.
6 Obstruction for Ω4 and Ω
′
4
Theorem 6.1. For a marked graph diagram D, define QD by
QD = (
1 + i√
2
)t+(D)[D](
1√
2
,
1√
2
,
i√
2
,− i√
2
) ∈ C.
Then QD is invariant under all Yoshikawa moves except Ω4 and Ω
′
4.
Proof. From Lemma 4.1, it has already been shown that the polynomial
[D](x, y, z, w) is invariant under Yoshikawa moves Ω5, Ω6, Ω
′
6, and Ω7. Since
x = 1√
2
, y = 1√
2
, z = i√
2
, and w = − i√
2
, the second condition (R2) of
Proposition 3.1 holds, and QD is invariant under Yoshikawa moves Ω2 and
Ω3. The relations q1, . . . , q7 also hold, and since t+(D) is preserved under
Ω8, we see that QD is invariant under Ω8.
Let D′ = and D = be two marked graph diagrams related
by a move Ω1. Since [D
′] = (x + w)[D] = 1−i√
2
[D] and t+(D
′) = 1 + t+(D),
we have QD′ =
1+i√
2
· 1−i√
2
QD = QD. Thus QD is invariant under Ω1. 
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Example 6.2. (1) Let D and D′ be admissible marked graph diagrams
depicted in Fig. 16. They are related by a Yoshikawa move Ω4. By a direct
calculation, we have [D](x, y, z, w) = 2x2 and [D′] = 2x2 + 2xz. Then
QD = 1 and QD′ = 1 + i.
(2) Let D and D′ be admissible marked graph diagrams that are ob-
tained, by changing over-under information at the classical crossings, from
the diagrams in Fig. 16. They are related by a Yoshikawa move Ω′4, and
QD = 1 and QD′ = 1− i.
D D´
Figure 16: Two diagrams related by a Yoshikawa move Ω4
Form Theorem 6.1 and Example 6.2, we have the following.
Corollary 6.3. The Yoshikawa moves Ω4 and Ω
′
4 are independent from the
other Yoshikawa moves.
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